Abstract: This paper proposes an application of Rough Set Theory (RST) to the real estate field, in order to highlight its operational potentialities for mass appraisal purposes. RST allows one to solve the appraisal of real estate units regardless of the deterministic relationship between characteristics that contribute to the formation of the property market price and the same real estate prices. RST was applied to a real estate sample (office units located in Directional District of Naples) and was also integrated with a functional extension so-called "Valued Tolerance Relation" (VTR) in order to improve its flexibility. A multiple regression analysis (MRA) was developed on the same real estate sample with the aim to compare RST and MRA results. The case study is followed by a brief discussion on basic theoretical connotations of this methodology.
Introduction
Common methods for data prediction require assumptions or parameters unrelated to observed phenomena, or presuppose that properties have quantitative characteristics and are subject to random effects, so that statistical methods may be applied, such as multiple regression (parametric or not), variance analysis or correlation [1] [2] [3] [4] [5] [6] [7] . Rough Set Theory (RST) was developed by Pawlak et al. in the early 1970s [8] [9] [10] [11] and has received wider attention in many research fields as a means of data analysis [12] but only very marginally in the real estate sector [13] [14] [15] [16] . The basic assumption of RST is that information is presented and perceived with granularity: "The information about a decision is usually vague because of uncertainty and imprecision coming from many sources...Vagueness may be caused by granularity of representation of the information. Granularity may introduce an ambiguity to explanation or prescription based on vague information" [17] .
Unlike other methods, the original Rough Set approach uses only the knowledge presented by data itself and does not rely on statistical parameters and assumptions external to the analysis.
In other words, RST is based on the hypothesis that some objects are indiscernible from others if they are classified in the same way according to their associated information; thus, the concepts of indiscernibility relation, upper and lower approximation, and accuracy of the approximation are considered in RST [11, [18] [19] [20] [21] [22] [23] [24] .
However, the original version of RST as valuation methodology has limitations. Although the rules on which RST is based allow one to appraise a property using a relation less strong than econometrical models, the main issue is that in many cases the values need to be crisp, while RST in its original version offers only value intervals. For these reasons, more recent studies have begun experimenting an integration of RST with a functional extension that represents a more flexible way to deal with the indiscernibility relation (Value or Valued Tolerance Relation, VTR) [14, 15] . flexible way to deal with the indiscernibility relation (Value or Valued Tolerance Relation, VTR) [14, 15] .
Main aims that encourage the use of RST include the ability to operate with small comparison samples or in all cases where the econometric modeling of market prices is too complex. In fact, the lack of comparison data inhibits the use of possible and alternative comparison methods or adds uncertainty to real estate appraisals.
Problems on uncertainty are deeply rooted in the real estate field. Each real estate market is unique given the specific features of real estate properties (e.g., variation in physical features, diversity of legal titles, etc.) and of the relative market (e.g., lack of uniformity, high imperfection, low efficiency, and transparency), as well as behaviors of actors in the real estate market that lead to a higher imperfection of property valuations as compared to other assets.
Larr and Riebe [25] , Mallinson and French [26] , Ekelid et al. [27] , Young [28] , and many others argue in favor of a range of values for overcoming uncertainty in real estate appraisals: "Since appraisals are a combination of current fact and future expectations, relying on only one value indicates an unsupported confidence in both the appraisal process and the appraiser.
[…] Valuation models should be adjusted to accept a range of likely projections and then used to provide a range of value within one standard deviation" [25] . Adair and Hutchinson [29] take a different approach instead; they suggest risk scoring to report the level of risk within property pricing. In a similar way, other instruments from risk analysis could be used, such as scenarios in combination with confidence intervals, real option analysis [30] , or Monte Carlo simulations [31] . Therefore, the challenge is to improve the output of an appraisal in just the right way, possibly with the help of qualitative or quantitative instruments known from the strategic management literature [32] .
That said, RST is closer to the point of view that suggests a range of values for overcoming uncertainty in real estate appraisals.
In this paper, in order to overcome shortcomings of RST, the application to a case study of RST was tested with the aid of a VTR tool. Additionally, a multiple regression analysis (MRA) was developed on the same real estate sample with the aim to compare RST and MRA results.
Rough Set Theory: Original Idea and Analytical Aspects
Rough Set is an evaluation methodology characterized by a Boolean math structure, initially applied as a decision support tool under uncertainty conditions [17] . It finds a wider application in the analysis of medical data and in the economic field [12] , where RST allows one to rank a large number of observations and performs the resulting deductive analysis on the same sample (cause-effect analysis).
The tabular analysis, on which RST is based, is reported as follows (see Figure 1 ): the rows identify the objects (observations), while the columns are representative of attributes (characteristics or modalities hired by objects). RST assumptions are the following:
Q (Attributes)
• S = U, Q, V, ρ is an information system, where U is a finite set of objects, Q is a finite set of attributes, V = U q∈Q V q being V q a domain of q attribute, and ρ : U × Q → V is a function such that ρ(x, q) ∈ V q for every q ∈ Q and x ∈ U. P ⊆ Q and x, y ∈ U: x and y are considered as indiscernible objects by the set of attributes P in S if ρ (x,q) = ρ (y,q), for every q ∈ P.
The elementary groups of P relationships are defined as equivalence classes in S. Essentially, two objects with similar attributes fall in the same equivalence class and are considered indiscernible.
• Two types of attributes exist: "conditional" attributes represent the observations; "decisional" attributes represent the "judgments" detected or assigned for the overall set of conditional attributes, with reference to the specific object. If conditional attributes are equal but decisional attributes are different, the set of objects comes to be in a "rough" region (see Figure 2 ). The objects that may be distinguished are inserted in different equivalence classes, identified by approximations. Every equivalence class is identified by upper and lower approximation regions.
For P ⊆ Q and Y ⊆ U, PY is defined as the lower approximation of Y and PY as the upper approximation of Y: PY = {X ∈ P * and X ⊆ Y} (1)
where P* represents the family of all equivalence classes for each P relationship in U.
The lower approximation PY represents the set of elements U "certainly" included in Y, applying the set of conditional attributes P; the upper approximation PY represents the set of elements U that "if possible" is included in Y, applying the same set of attributes P.
The relationship between number of elements of the lower approximation and number of elements of the upper approximation is defined as "accuracy" of approximation:
It also defines as "quality" of approximation's classification the following relationship:
where card(U) represents the total number of elements (objects) included in the set of observations U, n is the number of modalities (or classes) of conditional attribute, and card(PY i ) is the number of objects contained in each lower approximation of the various classes n. The quality classification expresses synthetically the relationship between the numbers of correctly classified objects respect to the total number of objects.
•
The choice of the equivalence class is performed by "if then" rules, rules that are measured in terms of "precision" and "coverage" in relation to analyzed objects. The "precision" defines the rule ("if") and identifies the objects, while "coverage" detects the fraction of objects that responds positively to the rule (then).
The best rule is, precisely, defined as that which provides the best coverage (better generalization capacity). 
Rough Set Theory Applied to Real Estate Appraisals
In the real estate field, RST allows one to determine a property value by "if then" rules, which create a logical link between the characteristics of a real estate unit and its market price.
The procedure was first applied in support assessments to urban and regional planning and, more recently, it was tested for mass appraisal purposes also with reduced availability of comparison data or when difficulties in the econometric modeling of market prices were detected.
During application of RST methodology, the individual transactions that characterize a real estate market segment are the objects in a universe that contains the totality of transactions.
Each exchanged properties has characteristics that determine the attributes (conditional) of an object.
The relationship between objects and attributes are identified in the methodology through the following lexical diagnosis: "certainly," "possibly," and "certainly no."
Two objects or properties that appear to be similar with regard to their technical characteristics, located in comparable positions and with the same market price, may be considered "indistinguishable."
The description of the relations between object and attributes or between observed property and its characteristics is methodologically developed, as previously indicated, by a double entry table (also called "information table," see Figure 1 ).
In the application of the methodology, it is assumed that for each object an exact measurement (error-free) of each attribute with reference to a given time instant is feasible.
The choice of the attributes relating to the object is comparable to the selection of the explanatory variables in the regression process usually used for real estate appraisals.
A further relevant principle of the Rough Set methodology is that, in the absence of specific knowledge, all the relationships between the object and attributes are "equiprobable." It should be emphasized that the choice of attributes with low significance makes the "if then" rules unreliable.
For example, given a universe of transactions, two properties (or objects) that present a retail area of 100 square meters are indiscernible with respect to the "area" attribute. This also applies in the presence of more than one attribute, and has great importance for development of "if then" rules on which the formulation of a real estate value judgment is based.
In Rough Set methodology, two properties may differ in only one characteristic while presenting a very different market price. Conversely, the two properties may differ in two or more characteristics but have a similar market price.
As mentioned earlier, if a property (object of transactions universe) has a given characteristic or attribute, it falls within the "positive region" or "lower approximation" of the same object; if only some of the universe objects possess that particular characteristic, the relationship between object and attribute is described by "upper approximation".
The difference between two regions, corresponding to lower and upper approximations, concurs to qualify the object, identifying the cases in which the attributes that qualify the object are always within the lower approximation or upper approximation. 
As mentioned earlier, if a property (object of transactions universe) has a given characteristic or attribute, it falls within the "positive region" or "lower approximation" of the same object; if only some of the universe objects possess that particular characteristic, the relationship between object and attribute is described by "upper approximation". The difference between two regions, corresponding to lower and upper approximations, concurs to qualify the object, identifying the cases in which the attributes that qualify the object are always within the lower approximation or upper approximation.
The description of an object in a real estate appraisal is normally aimed at a determination of its market value.
For this reason, the "information table" must be transformed into a "decisional table", in which the attributes that constitute the "conditional" part (if) of the rule are distinguished by the "decisional" attribute (market price of property contained in "then" part of the rule).
In this way, it establishes a causal relationship between conditional attributes and the decisional attribute, which excludes every econometric formalization.
The last phase of application of Rough Set methodology is based on the study of existing relationship between conditional and decisional attributes.
These relations are analyzed in light of lower or upper approximations existing between the decisional set (real estate market prices) and the set of attributes selected for the conditional part of the rule.
If a set contains the objects with the same decisional attribute (properties that have the same price or that fall in the same price class), it encloses all objects that belong to the same set of conditional attributes (retail area or other characteristics); there is a "deterministic" rule between conditional and decisional parts of the rule that, in rough terms, is represented by the coincidence of lower and upper region approximation.
The universe of objects can also generate approximate rules, but the few experiments on RST performed in the real estate field suggest the use of deterministic rules only [13] [14] [15] .
Case Study: Application of RST to Directional District of Naples
The application that follows was carried out using ROSE2 software [22] [23] [24] . The data sample refers to a defined real estate market segment of Naples and, specifically, n. 30 real estate transactions related to office units located in the Directional Centre during the first semester of the year 2016 (Tables 1 and 2 ). The sampled properties have the same build type and quality (units located in office towers recently built), and they are included in a homogeneous urban area in terms of qualification and distribution of main services. For these properties, the following characteristics as conditional variables (conditional attributes) were recognized: commercial area (measured in m 2 ), presence/absence of parking space (represented by a dummy variable: 1 = if present, 0 = if absent), and maintenance status (represented by a dummy variable: 1 = if office unit was recently renovated featuring luxury finishes, 0 = if office unit has a normal state of maintenance). The market price (in euros) is the decisional variable (decisional attribute).
The statistical description of the real estate data is reported in Table 2 . Direct knowledge of the local real estate market helped to identify five price classes assuming, for the first two classes, a maximum difference between minimum and maximum prices recorded equal to €25,000, while for the other classes a maximum difference of €50,000 was considered. These price classes have been defined taking into account, as much as possible, of the similarity degree between office units (in terms of real estate characteristics detected).
The real estate data have been reported in Table 3 . The conversion of the decisional attribute, from punctual element to price classes, derives from the fact that the first-with continuous numerical representation-does not provide significant indications in the procedure, as it does not allow one to identify, precisely, those similarities able to carry out the generalization of synthesis, which is at the basis of RST.
In this way, it is possible to identify the equivalence classes that represent the sets of similar properties in terms of conditional attributes, as shown in Table 4 .
The high dispersion of equivalence classes is a symptom of the difficulties of generalization, constituting, this, a paradigmatic case of "rough" extensive region.
To determine a system of rules that identify a logical link among characteristics and decisional attribute (market price), first the lower and upper approximations of each decisional class must be known; then, a set of rules that are usable for the formulation of a judgment on the property value are needed.
For this aim, it is possible to define the lower and upper approximations for each price class as shown in Tables 5-9 . Number of objects in the class: 8 Number of objects in the lower approximation: 5 Number of objects in the upper approximation: 11 Accuracy: 0.4545 Table 6 . Lower and upper approximations for Price Class 2.
LOWER APPROXIMATION CLASS 2: all objects that are indistinguishable as well as having a price belonging to Class 2 {10}; {12}; {13}; {14}.
UPPER APPROXIMATION CLASS 2: all objects that may belong to Class 2 {10}; {12}; {13}; {14}; {3}; {9}; {11}; {24}.
Number of objects in the class: 6 Number of objects in the lower approximation: 4 Number of objects in the upper approximation: 8 Accuracy: 0.5000 Table 7 . Lower and upper approximations for Price Class 3.
LOWER APPROXIMATION CLASS 3: all objects that are indistinguishable as well as having a price belonging to Class 3 {15}; {16}; {17}; {19}; {20}; {22}; {23}.
UPPER APPROXIMATION CLASS 3: all objects that may belong to Class 3 {15}; {16}; {17}; {19}; {20}; {22}; {23}; {4}; {21}; {8}; {18}.
Number of objects in the class: 9 Number of objects in the lower approximation: 7 Number of objects in the upper approximation: 11 Accuracy: 0.6364 Number of objects in the class: 1 Number of objects in the lower approximation: 0 Number of objects in the upper approximation: 2 Accuracy: 0.0000 Table 9 . Lower and upper approximations for price class 5.
LOWER APPROXIMATION CLASS 5: all objects that are indistinguishable as well as having a price belonging to Class 5 {25}; {26}; {27}; {28}; {29}; {30}.
UPPER APPROXIMATION CLASS 5: all objects that may belong to Class 5 {25}; {26}; {27}; {28}; {29}; {30}.
Number of objects in the class: 6 Number of objects in the lower approximation: 6 Number of objects in the upper approximation: 6 Accuracy: 1.0000
From Tables 5-9 , it is clear that Price Class 5 is an exact set because the upper and lower approximations have overlapping sets ("not rough").
Based on the indicated lower approximations, it is possible to determine the rules that allow one to develop the appraisal by Boolean logic.
Deterministic rules allow one to identify the property price class without any econometric formalization, through rules that establish a logical relation between property price (decisional attribute) and its characteristics (conditional attributes):
1.
IF Area = (51, 53) → Price Class = 1; 2.
IF Area = 50 ∧ Park = 0 → Price Class = 1; 3.
IF Area = 60 ∧ Maintenance = 0 ∧ Park = 0 → Price Class = 1; 4.
IF Area = 58 → Price Class = 2; 5.
IF Area = (50, 55) ∧ Park = 1 → Price Class = 2; 6.
IF Area = (80, 54, 52, 62, 67, 90) → Price Class = 3; 7.
IF Area = (120, 140, 108, 110) → Price Class = 5; 8.
Can also to be defined the "approximate" rules, which are a specificity of RST: 9.
IF With the above rules, it is possible to describe uncertain and vague behaviors that are present in the real estate market. The deterministic rules show that the "maintenance status" variable does not seem to be important. In fact, if a multiple regression analysis is run on the data of Table 1 , the t-test of the variable "maintenance status" will be 0.31, while the t-tests of the characteristics "parking space" and "area" will be, respectively, 2.38 and 12.61. As a consequence, the variable "maintenance status" can also be considered unreliable for multiple regression analysis. It should be highlighted, therefore, that starting from the same real estate data, RST and multiple regression analysis arrive to same results.
In the case study, seven deterministic rules and four approximated rules have been generated starting from 30 observations. A real problem is that, if we want to appraise an office unit of 130 m 2 , with parking space and without luxury maintenance status, we do not have the opportunity to apply the rules identified by RST. For this reason, RST may be integrated with a functional extension also called "Value Tolerance Relation" (VTR).
VTR can be considered a flexible tool to deal with indiscernibility relation. In this sense, VTR allows one to develop the upper or lower approximations with different degrees of indiscernibility relation, as indicated by the following equation [15] :
where R j is the VTR that may assume continuous values included in the interval [0, 1], x and y are objects, c j (x) and c j (y) indicate the measures of attribute j in the objects x and y, max and min represent the intersection and the union of fuzzy sets, and k is the value threshold to distinguish two objects. If R j equals 1, the two objects considered are highly similar, while if R j equals 0 the same two object are completely different.
Therefore, it derives that two objects x and y may have different levels of indiscernibility depending on a discriminator value threshold (k), which measures the attributes c j and can be applied for all objects. The relationship between all attributes of an object and the conditional part of the rules is determined by intersection of all comparison sets with the rule. There will be several values of R j (one for each attribute of object and conditional part of rule), and the minimum R j will be selected between n comparisons among the attribute of the object and conditional part of the rule:
The more recent literature suggests that standard deviation adequately approximates the k-threshold [15] because, if rules of RST concern office units with similar characteristics, then k-threshold is low.
An example of RST integrated with VTR follows, for an office unit of 130 m 2 with a parking space and normal maintenance status, taking into account the rules that have been determined using RST for real estate data and k-threshold as standard deviation (see Table 2 ). Table 10 shows the results of RST integrated with VTR, where conditional part of each rule is compared with the office unit to evaluate. RST integrated with VTD has defined the seventh rule as the more suitable for the office unit to appraise. After the implementation of RST, an MRA was developed on the same real estate data with the aim to compare forecasting performances of RST and MRA.
In particular, MRA has shown an R-squared value of 0.88 and a substantial validity of the model. Thus, the differences between the observed prices and the estimated prices have been carried out. In Table 11 , it can be seen that the mean absolute percentage error and statistics on forecasting errors.
The results of the sample's accuracy about the RST application are also indicated in Table 11 , divided for percentage of errors. For the real estate sample considered the empirical results show the superiority of RST on MRA (the mean absolute percentage error for RST is smaller of 14.89% than to MRA). It must be highlighted that the percentages of errors of MRA, including in the interval 20%-30%, are triple respect to those of RST.
Concluding Remarks
This work shows operational potentialities of RST as a valuation methodology. RST was applied to a sample with a low number of variables, and corresponding rules have been generated with the contribution of ROSE2 software.
The results of this paper showed that RST certainly works well with a reduced sample and uncertainty conditions, although this methodology presents some limitation that today again highlight the more flexibility of statistical methodologies commonly used (i.e., multiple regression models, semi-parametric regression, etc.) [33] . However, the relationship between objects and rules in the application of RST for mass appraisal purposes represents a way and a perspective of research partially unexplored yet. In this sense, RST was integrated with the Value Tolerance Relation, a useful tool that improves the flexibility and functionality of RST.
In this paper, RST and MRA are developed on the same real estate sample with the aim to compare their forecasting performances. Some differences between RST and MRA must be highlighted.
Certainly, the greater difference is in the final output. Additionally, RST does not allow one to define information about hedonic-marginal prices. MRA is an econometric model, while in RST the valuation is based on a Boolean product, and the appraiser arrives to the final value estimate looking at the "if then" rule suitable for the object. In the application of MRA, the model will be unreliable if the initial assumptions on errors and on the model are violated. For the application of MRA, different software or tools may be used, while very little software is available for the application of RST. While MRA has a limitation in the number of observations that are required, RST can work also with a small sample; moreover, control indexes are restricted to "accuracy" and "coverage" of rules.
For other aspects, the two methodologies are similar: (a) the applications of RST and MRA are based on a cross-sectional process; (b) the appraisal process starts with the definition of attributes in RST and with the identification of independent variables in MRA; and (c) RST and MRA provide the same results starting from the same sample and attributes.
Applications of RST may be recommended for mass appraisal purposes in those real estate markets with non-transparent conditions, such as in Italy. In addition to forecasting purposes, a further interesting and particular aim for the real estate field could be the use of RST in the boundary areas between contiguous and different territorial areas (homogeneous areas), in order to determine if a property belongs to one or another homogeneous area and to thus resolve conflict situations under uncertainty conditions for real estate market segmentation.
